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Both the shear viscosity d c )  of dilute polymer solutions and Young's modulus Y(c) of 
nylon plus plasticizer with concentration c are assumed to be expressible as a power 
series in concentration. Scaling arguments are then presented which reveal an intimate 
relation between the coefficients of U(c)  and U ( 2 )  terms in both q(c) and Y(c). The 
coefficient of the U(2) term is predicted always to be positive, while that of the U(c) term 
can in principle have either sign. Comparison with experiment is made for 9(c) and Y(c). 
Some further experiments are proposed for both Y(c) and dc). 

K e y w o r k  Viscosity; Young's modulus; Shear modulus; Polymer solutions 

1. BACKGROUND AND OUTLINE 

Plasticization, as an effective method to increase flexibility and impact 
strength and to reduce tensile and flexural strengths of nylon, is widely 
used to improve mechanical properties of various polyamides (PA) 
[l ,  21. Therefore the dependence of the mechanical properties of a 
nylon +plasticizer system on the concentration of plasticizer is inter- 
esting for both science and technology. In a previous study [3], we 
have suggested a model based on the cutting of hydrogen bonds to 
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102 M. L. ZHANG et al. 

explain the decrease of both Young’s modulus and the shear modulus 
in the small plasticizer concentration limit, A connection between 
(l/L)(dL/dc)l,=o (the relative change of characteristic length L with 
plasticizer concentration c of the phenomenology of Bhatia-March 
[4] concerning surface segregation in binary alloys) and pure nylon 
properties was also exhibited. However the properties of nylon + plas- 
ticizer at larger concentration c have received scant attention to date. 

Independently of the above work on the mechanical properties of 
solid nylon plus plasticizer, much attention has been given to the shear 
viscosity of a solution of a polymer in a variety of solvents. A recent 
example has appeared in this Journal [5] in which the viscosity of 
solutions of the polymer ‘dextran’ in various solvents has been 
measured. In their work, Mahapatra et al. [5] start from the assumption 
that the concentration c dependence of the viscosity of a dilute polymer 
solution can be expressed as a power series in c. This is precisely the 
assumption underlying the present studies of Young’s modulus of 
various solid nylons as a function of plasticizer concentration. 

With this as general background, the outline of the present paper 
is as follows. In Section 2 we compare and contrast such series 
expansions referred to above for the dilute solutions of polymer in 
different solvents with the problem of plasticizer at concentration c in 
solid nylons. Immediately, a qualitative difference is evident at low 
concentrations, the sign of the linear term in c being different in the 
two examples chosen. This has prompted the discussion of the O(c2) 
term in both ~ ( c )  and Young’s modulus Y(c). For both these 
‘mechanical’ properties it is argued that there is an intimate relation 
between the coefficients of the O(c) and the O(c2) terms. Section 3 
constitutes a summary, plus some proposals for future work, both 
theoretical and experimental. Some details of the general scaling 
arguments invoked in Section 2 are set out in an Appendix. 

2. SHEAR VISCOSITY OF DILUTE POLYMER 
SOLUTION AND YOUNG’S MODULUS 
OF NYLON + PLASTICIZER SYSTEM 

The structure of the Taylor expansion of the viscosity ~ ( c )  of a dilute 
polymer solution is similar to that of Young’s modulus Y(c) of a 
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MECHANICAL PROPERTIES: POLYMER SOLUTIONS 103 

nylon+plasticizer system. It will be convenient to define the concen- 
tration c as the ratio (npolymer/(npolymcr+nsolvent)), where npolymer is the 
number of the polymer coils in solution while nsolvent is the number 
of solvent molecules. The concentration c dependence of the viscosity 
q(c) of a dilute polymer solution can then be expressed as a power 
series in the concentration [5],  namely 

The intrinsic viscosity H I  is independent of the concentration of the 
solution but is a function of the solvent used [5].  For polymer solutions 
H I  > 0: this can be argued hydrodynamically from the presence of 
polymer coils in the solvent or alternatively from the stress exerted by 
the elasticity of such coils [6]. Huggins found an interesting relation 
between the coefficient H2 of the second order term and the coefficient 
H1 of the first order term [7,8] 

H2 = klHf, kl > 0. (2) 

H I  > O  and the Huggins relation H 2 > 0  have a simple physical 
meaning, i.e., q(c) is a monotonic increasing function of the polymeric 
concentration c and (&,~(c)/ac’) > 0. The minimum of q(c)  is at c = 0 
for pure solvent and ~ ( c )  monotonically increases with c. This is 
different from the viscosity of the surfactant-small molecule solvent 
system, for example dimethylsulfoxide + 1-alkanols where the viscosity 
q(c) first decreases from its pure small molecule solvent value and 
gradually reaches a minimum [9]. Then the interaction between 
surfactant molecules comes into play. The viscosity will then gradually 
increase to the value of the pure surfactant at c =  1. With increasing 
surfactant concentration c, the interaction between solvent molecules 
and therefore the surface tension decreases. Then the bulk modulus 
B(c) or surface tension ~ ( c )  have the general shape of upward 
parabolas. The similarity in behavior of viscosity and elastic modulus 
illustrated above may also be obtained from the following macro- 
scopic arguments. The viscosity q(w, c) and shear modulus p(w, c) 
are the imaginary part and real part respectively of the response func- 
tion due to a frequency (w) dependent external shear stress. These 
are linked by a Kramers-Kronig relation. If we make the further 
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104 M. L. ZHANG et al. 

simplifying assumption that the viscosity has the separable form 
77(w,c)xg(w)f(c) both for the highly viscous fluid [lo] and, more 
drastically for the low viscosity system, then the shear modulus would 
plainly have the same concentration dependence as the viscosity. Fur- 
ther, by means of T ( C ) N  B(c)L with B the bulk modulus and L a 
characteristic microscopic length [l 13, the surface tension ~ ( c )  can be 
expected to have the same concentration dependence as ~ ( c ) .  

Mahapatra et al. [5] speculated that, one could write generalized 
Huggins relations for the coefficients Hn(n 2) of higher order terms: 
that is 

Hn = kn-lHY, kn-1 > 0 (n 2 2) (3) 

We propose here analogous relations to Eq. (3) for the Taylor 
expansion coefficients of Young's modulus Y(c) of the nylon + plas- 
ticizer systems. In the Appendix we argue, following the scaling law 
proposed by De Gennes, that the Young's modulus of the nylon+ 
plasticizer system can be approximately represented by 

Here c = (nplasticiJhylon) is the concentration of plasticizer, the ratio 
of the number of plasticizer molecules nplasticimr to the number of 
polyamide units nnylon while 9 is the original hydrogen bond energy 
in nylon, and VO measures the average van der Waals interaction per 
polyamide unit. a is the linear dimension of a monomer while Lo 
denotes the length of one polyamide unit in a completely stretched 
chain. Figure 1 shows that Eq. (4) is in general accord with available 
experimental data. Making use of Eq. (4), a simple calculation gives 
the relative change of Young's modulus in the small c limit as 

-- Y(c) - Y(0)- - [ ( 4 / 5 ) ( V o + ~ ) + ( ( 2 / 5 ) V o + S H ( ~ / L a ) ) 1 L a  
Y(0) (VO+S") a 

I(~~/~~)(VO+S")+(~VO/~~)+(~/S)((~/S)V~+SH(~ILO))~ ~a 2cz 

(VO+SH) (4 
(VO+SH) (4 

t 

[(84/12S)(Vo +PI+ (56Vo/i25) + (18/25)( (2/5)Vo +s"(~/La))] La + 
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MECHANICAL PROPERTIES: POLYMER SOLUTIONS 105 
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FIGURE 1 Comparison of available experimental data (taken from Ref. [1,2], solid 
square) with the curve predicted by Eq. (A8) for PA-12, Vo = 2.5 x 12 = 30 Kcal/mole, 
(&/a)= 12, f= lOKcal/mole. 

If we define Yl as 

then Y1 depends only on the properties of the solvent (nylon): this is 
similar to HI which depends only on the solvent. The coefficients Y,, of 
the Taylor expansion of Young's modulus Y(c) 

(7) Y(c) = Y(O)[l + YlC+ Yz2 + Y3c3 + - * I  

also obey the generalized-Huggins relations 

They resemble the form of Eq. (3) for the Taylor expansion of d c )  in a 
dilute polymeric solution. The first three dimensionless constants y1, y2 
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106 M. L. ZHANG et al. 

and y 3  can easily be extracted from Eq. (5) as 

(Vo + P) [ ( 18/25) (Vo + SH) f (7vo/25) + (4/5) ((2/5) Vo + S" ( a / h  ))] 
[(4/5)(Vo+SH)+((2/5)Vo+S"(a/h))IZ 

(Vo + sH)2[(84/ 125) (Vo + P) + (56Vo/l25) + (1 8/25)( (2/5)Vo + sH(a/&))] 
Y2 = I 

(Vo + S")' [ (399/625)( Vo +SH) + (357Vo/625) + (84/125) ((2/5)Vo + sH(a/h) ) ]  

Yl = 

[(4/5)(VofSH) + ( ( 2 / 5 ) ~ ~ + ~ ~ ( a / h ) ) i ~  

w ) ( V o + S " ) +  ( ( 2 / 5 ) v o + s H ( a / ~ ) ) l 4  
Y3 = 

(9) 

and, should it be eventually useful, higher order coefficients can be 
directly calculated from the general Eq. (4). It should be pointed out 
that the generalized Huggias relations (8) automatically account for 
the sign change in the Taylor expansion (5).  Yz>O indicates that 
Young's modulus always exceeds the linear contribution [3]: this is 
consistent with the experimental observation of Y(c) [I, 21. 

Young's modulus is a monotonically decreasing function of c for 
nylon +plasticizer systems, whereas the viscosity of a dilute solution of 
dextran in the solvents chosen in Ref. [5] is a monotonically increasing 
function of c. If we take the same polymer and the same solvent to 
form two extremes of a composite system, then Y(c) and ~ ( c )  will both 
be monotonically increasing functions of c. The dilute solution of 
dextran discussed in [5] corresponds to c + 0, whereas the nylon+ 
plasticizer system corresponds to c +  1. If there exists a continuous 
transition (no phase separation) from c=  0 to c =  1 for some 
polymer + small molecule system, we may expect a continuously and 
smoothly monotonically increasing form from c = 0 to c = 1 for q(w, 
c), p(w, c) and Y(w, c). Therefore HI > 0 in Eq. (1) in the dilute limit 
and Y1< 0 in Eq. (7) of the pure nylon limit are consequences of the 
same monotonically increasing q(w, c) and Y(w, c) from c = 0 to c = 1. 
In other words we may anticipate that Y(c) and q(c) will satisfy similar 
laws yielding a monotonically increasing behavior through a scaling 
relation of the form 

Y ( 4  = Y(c*)F(c) ,  q(c) = q ( c * ) W ,  

where c* is some characteristic concentration. Because the Taylor 
expansion of F(c) converges in the range c from 0 to 1, we can write 
F ( c ) = F ( O ) ( 1 + F ~ c + F ~ c 2 + F ~ c 3 + ~ ~ ~ ) ,  the coefficients FI, F2, F3,. . . 
being independent of c. 

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
0
7
:
5
4
 
2
8
 
J
a
n
u
a
r
y
 
2
0
1
1



MECHANICAL PROPERTIES: POLYMER SOLUTIONS 107 

We may also obtain the Huggins relation by following dimensional 
analysis and analytic arguments. In the hydrodynamic model for the 
viscosity of a dilute solution, the dimensionless small expansion 
parameter q5 is the ratio of the volume of the polymer coil and the 
volume occupied by one coil. If we approximate the polymer coil as a 
sphere, q5=(4nR3/3)-n, where R is the radius of coil while n is the 
number of the coils per unit volume. Since the viscosity q as a function 
of polymer concentration is a single-valued function, its expansion in 
n will not include fractional powers. Furthermore q does not have 
any singular points near n=0. Therefore q is an analytic function 
near to n=O. It has therefore the Taylor expansion, q(n)= 
qo(1 +k1q5+kpj2+.. .), with kl=(5 /2)  according to Einstein’s result. 
Substituting the expression for q5 into q we have 

n + k2 ( 4rR3 T) . n2 + .. ->. 

The Huggins relation between the coefficient of nm and the coefficient 
of n is then obviously 

4rR3 
= constant. ( k l  T) , 

where the constant is (km/e): it does not relate to any properties of 
the solute. The same reasoning can be used to establish the existence 
of the Huggins relation among the Taylor expansion coefficients of 
Young’s modulus, where the dimensionless small expansion parameter 

We stress that the Taylor expansion of Y(c) for nylon+plasticizer 
system in the c + 0 limit and the Taylor expansion of q(c )  of dilute 
polymer solution in the same limit have similar structure and in 
particular obey the generalized Huggins relations of the expansion 
coefficients. Scaling arguments and the Kramers-Kronig relation lead 
us to anticipate this structure of the Taylor expansion of Young’s 
modulus and viscosity. If we can prove the existence of generalized 
Huggins relations in any one of the two situations then we may in fact 
obtain such relations in the other. Since we have obtained the gen- 
eralized Huggins’ relations from the analysis of Young’s modulus, 
the existence of such relations may be widespread. An attempt based 

is (LO/a)(Nplasticizer/Nnylon unit). 
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108 M. L. ZHANG et al. 

on the systematic solution of a Navier-Stokes equation together with 
the elasticity of the polymer coils will be developed elsewhere to study 
viscosity. 

3. SUMMARY AND FUTURE DIRECTIONS 

We have compared and contrasted models of the concentration 
dependence of the shear viscosity ~ ( c )  of polymer solution with a 
mechanical property, Young’s modulus Y(c), of nylon with a concen- 
tration c of plasticizer. Denoting either property by P(c), we have 
focussed in the main text on the low concentration form 

(10) 

Such a low concentration form has been known for a long time, going 
back at least to the work of Huggins [8], for the viscosity ~ ( c )  of dilute 
polymer solutions and as stressed in the Appendix, this might suggest 
an approximate scaling property of the form 

where S(0) = 1. In a recent issue of this Journal two experimental 
studies of solutions have been made which we may cite for comparison 
[5,9] with the theoretical proposals made here. 

Turning to the case of nylons +plasticizer the breaking of hydrogen 
bonds is again invoked in arriving at a model for Y(c) having the form 
of Eq. (3) at low concentrations. Using De Gennes scaling, the 
Appendix suggests a form Y(c) which we expect to be valid at least 
semi-quantitatively over a wide range of the concentration c of the 
plasticizer. When this expression for Y(c) is expanded for low 
concentration c, we recover a form analogous to Eq. (9, namely 
Eq. (8). The Huggins relation therefore results from the model in the 
Appendix, as for the shear viscosity of dilute polymer solutions. 
Though data is sparse for comparison with the predictions of the 
present model for nylons +plasticizer, there is at least semi-quantita- 
tive agreement between the model and currently available data. 
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MECHANICAL PROPERTIES: POLYMER SOLUTIONS 109 

It seems now a matter of considerable interest to have systematic 
experiments not only for ~ ( c )  on further polymer solutions, designed 
such that addition of solute is known to break hydrogen bonds in the 
solvent, but also on Y(c) for a wider range of nylons plus a variety 
of plasticizers. These measurements should then allow a test of the 
validity of the model of disruption of hydrogen bonding in the nylons 
by the different plasticizers, and if it proves necessary, should point the 
way to refinements of the model proposed here. 
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APPENDIX: YOUNG’S MODULUS Y(c) 
FOR NYLON+PLASTICIZER AS A FUNCTION 
OF PLASTICIZER CONCENTRATION c 

The Young’s modulus of infinite nylon chains or crystal is about 180- 
300GPa [12], whereas the Young’s modulus of pure commercial 
nylons is in range 1400 - 3000 MPa [l , 21. This is due to the finite 
length of nylon chains in these commercial materials, for example 
in PA-12 the average length is about 180-200units. The Young’s 
modulus of practical nylon material is not determined by the chemical 
bonds of the single polyamide chain, but is determined by the 
hydrogen bonds and van der Waals interaction between the nylon 
chains. In a pure nylon, the chains are stretched until they are rather 
straight and the whole structure is still very rigid. To soften a nylon 
and increase its elasticity range, plasticizer must be used to cut 
hydrogen bonds between its polyamide chains. After some hydrogen 
bonds are cut, the original stretched chains are slackened. These 
loosened parts of a chain will coil. This will decrease the length of 
chain and the face-to-face contact between chains. The latter will 
weaken the van der Waals interaction between the chains. In addition 
the coiled chain corresponds to an increase in its effective cross section. 

We now approximate the problem of a bundle of nylon chains by 
that of a single chain in the mean field of surrounding chains. The 
essence of the argument below is to write 

Here L(c) measures the effective length of the nylon chain in the 
presence of plasticizer, A(c) is the cross-section incorporating again 
the effect of plasticizer molecules. Finally, in Eq. (Al), k(c) denotes 
the spring constant in the presence of a concentration c of plasticizer. 

First of all let us consider the change in effective cross Section A of 
the single nylon chain with plasticizer concentration c. We define c as 
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MECHANICAL PROPERTIES: POLYMER SOLUTIONS 1 1 1  

c = (n /N) ,  where n is the number of plasticizer molecules while N is the 
number of polyamide units in the whole system. When c gradually 
increases from 0 to 1, the nylon chain gradually changes from its 
stretched state to a coil conformation. The effective cross section A(c) 
is determined by the linear size of the blob D(c) formed by the coiled 
chain, where A(c) = D2(c). The linear size D of the blob is given by 

(A21 3/5 = agD 9 

where a is the linear size of a monomer and g D  is the number of 
monomers in a blob [13,14]. If all the hydrogen bonds among nylon 
chains are broken by plasticizer molecules, the whole chain is released 
and forms a coil. When the plasticizer concentration is c, the monomer 
number g D  in the released part for one polyamide unit is (&/a)c, where 

denotes the length of one polyamide unit in a completely stretched 
chain. In a completely stretched nylon chain, the monomer number in 
a blob is 1. Therefore for a qualitative estimate we shall approximate 
gD(c>  by 

Substituting Eq. (A3) into Eq. (A2), one finds the linear size of a blob 

The length of a coiled chain is L = Making use of Eq. (A3), 
L(c) takes the form 

L(c) =4(1 +3)-2/5. 
We turn next to the dependence of the spring constant k of a nylon 

chain on the plasticizer concentration c. The force constant can 
be separated into two parts k = khydrogen bond +kv,n der waals, where 
khydrogen bond is the contribution from the hydrogen bonds between 
nylon chains and kvan der waalS comes from the van der Waals inter- 
action between nylon chains. Because the characteristic length of 
an obvious change of the energy of the chain is about the distance 
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112 M. L. ZHANG et 01. 

between two hydrogen bonds along the chain, i.e., the length of 
one polyamide unit L(c), the order of magnitude of the spring constant 
is 

V(c) + EH(c)  
k(c)  [L(C)l2 * 

Here P ( c )  is the average hydrogen bond energy P at concentration 
c. Since each plasticizer molecule cuts one hydrogen bond, En(,)= 
p - S H c ,  where SH is the original hydrogen bond energy in nylon, 
and is about 5-10Kcal/mole [15]. V(c) is the average van der Waals 
interaction per polyamide unit at concentration c. The van der Waals 
interaction rapidly decays with distance. Therefore for two coiled 
chains only the face-to-face parts play a role and the interaction be- 
tween the far separated parts of two coiled chains may be neglected. 
Thus one finds 

v(c)=vo-=vo I+-c  , 
L(c L(c) = 0 )  ( : 

where VO is the van der Waals interaction between two nylon chains 
per unit polyamide( for PA-12, VOW 12 x van der Waals interaction per 
CH2). 

Substituting the expressions of L(c), A(c) and k(c) into Eq. (Al), we 
obtain the Young’s modulus Y(c) of a nylon+plasticizer system at 
plasticizer concentration c as 

It should be pointed out at this stage that in the derivation of formula 
Eq. (A8), there are some other physical effects which are not presently 
incorporated. We have only considered the universal properties of 
plasticizer; namely the cutting of hydrogen bonds. The details of the 
plasticizer, for example, the miscibility with nylon and the self-as- 
semble properties are neglected. Furthermore the entanglement among 
the nylon chains is beyond the scope of the present approximation, 
which allows a single chain to interact with an effective environment. 

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
0
7
:
5
4
 
2
8
 
J
a
n
u
a
r
y
 
2
0
1
1



MECHANICAL PROPERTIES: POLYMER SOLUTIONS 113 

If we take the van der Waals interaction as 2.5 Kcal/[mole.CH2], 
then VO - 2.5 x (Lola) Kcal/mole for PA-x, x = (Lola). S H -  10 Kcal/ 
mole [15]. For PA-12, a-2.5A Y(c= I )= (VO/LOU~)(LO/U) -~ ’~~  
50 Mpa, Y ( c  = 0) = (VO + SH/hd) N 1460 MPa. The above estimate 
of Y(0) is in general accord with experimental values in the range 
1300-1400MPa for pure PA-12 [1,2]. 
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